The region of the second ionization of helium in the Sun is a narrow layer near the surface. Ionization induces a local change of the adiabatic exponent Γ 1 , which produces a characteristic signature in the frequencies of p-modes. By adapting the method developed by Monteiro, Christensen-Dalsgaard & Thompson (1994) , we propose a methodology for determining the properties of this region by studying such a signature in the frequencies of oscillation.
INTRODUCTION
The direct determination of the helium abundance in the solar nearsurface layers is difficult and uncertain, although it is very important to the modelling of the internal structure and evolution of the Sun (see Kosovichev et al. 1992 for a comprehensive discussion of the sources of uncertainties). It is usually taken as a fitting parameter of an evolutionary sequence that provides the correct luminosity for the Sun at the present age. The possibility of constraining this parameter to have the observed value for the Sun is important to improve the mass loss estimates and early evolution of the Sun, as well as to test the effects of mixing and settling on stellar evolution.
Several attempts have been made to use solar seismic data to calculate the abundance of helium (Y ) in the solar envelope (Dziembowski, Pamyatnykh & Sienkiewicz 1991; Vorontsov, Baturin & Pamyatnykh 1991 Christensen-Dalsgaard & Pérez Hernández 1992; Pérez Hernández & Christensen-Dalsgaard 1994; Antia & Basu 1994; Basu & Antia 1995; Gough & Vorontsov 1995; Richard et al. 1998 ). However the dependence of the determination on other aspects, in particular the equation of state, ⋆ E-mail: mjm@astro.up.pt; Michael.Thompson@sheffield.ac.uk poses serious difficulties to an accurate direct seismic measurement of the envelope abundance of helium (Kosovichev et al. 1992; Pérez Hernández & Christensen-Dalsgaard 1994; Basu & Christensen-Dalsgaard 1997) . The sensitivity of the modes to the helium abundance is primarily provided by the change of the local adiabatic sound speed c due to ionization. Such sensitivity is given by the behaviour of the first adiabatic exponent, Γ1, since c 2 ≡Γ1p/ρ where p and ρ are the pressure and density respectively, and consequently it is strongly dependent on the assumed equation of state and other physics relevant for the region where the ionization takes place. This is the main reason why the seismic determination of the envelope abundance of helium is highly complex.
Here we propose a method complementary to those used previously, by adapting the procedure developed by Monteiro et al. (1994, in the following MCDT) and Christensen-Dalsgaard, Monteiro & Thompson (1995, in the following CDMT). In using the solar frequencies in a different way, which provides a direct probe to the region of ionization, we aim at providing a method where the different effects at play in the ionization zone can be isolated, constructing a procedure to access the chemical abundance. Localized variations in the structure of the Sun, such as occur at the base of the convective envelope (see MCDT and Monteiro 1996) and in the region of the second ionization of helium (Monteiro 1996) , create a characteristic signal in the frequencies of oscillation. The properties of such a signal, as measured from the observed frequencies, are related to the location and thermodynamic properties of the Sun at the layer where the sharp or localized variation occurs. The main advantage we see in this method is the possibility to utilise different characteristics of the signal to distinguish different aspects of the physics of the plasma at the region where the signal is generated. In particular we may be able to separate the effects due to convection, the low-temperature opacities and the equation of state from the quantification of the helium abundance that we seek to achieve. Here we mainly concentrate on separating these different contributions in order to establish the dependence of the parameters of the signal in the frequencies on the different aspects of the structure at the ionization region. Using a variational principle we determined how the zone of the second ionization of helium can indeed be considered as a localized perturbation to an otherwise 'smooth' structure, generating a characteristic signal in the frequencies of the modes.
We note that simplified versions of the expression for the signal discussed here have been applied successfully to cases where there are only very low degree frequencies. The signal has been fitted either to the frequencies of low degree modes (Monteiro & Thompson 1998; Verner, Chaplin & Elsworth 2004) , or to frequency differences (Miglio et al. 2003; Basu et al. 2004; Vauclair & Théado 2004; Bazot & Vauclair 2004; Piau, Ballot & Turck-Chièze 2005) . Here we obtain the expression for the general case of having also modes of higher degree, of which the low degree applications are a particular case. We also demonstrate the method for making use of the information in moderate-degree data available only for the Sun. When using modes with degree above 4 or 5 we can avoid using frequencies affected by the base of the convection zone and may hope to achieve a much higher precision in the results as many more frequencies with lower uncertainties can be used.
In this work we present the analysis of the characteristics of the signal under different conditions. Several models with different physics and envelope helium abundances are used to test the method in order to prepare the application to the observed solar data.
THE REGION OF THE SECOND IONIZATION OF HELIUM
In order to model the sensitivity of the modes to this region we must try first to understand how ionization changes the structure. Secondly, we need to estimate how the modes are affected by such a region. The details of the derivations are discussed in the Appendix, but the assumptions and the main expressions are reviewed and analysed here.
Properties of the ionization region
Because the helium second ionization zone (HeII ionization zone) is sufficiently deep (well within the oscillatory region of most of the modes) we propose to adapt the method discussed in MCDT to the study of this layer. The contribution from a sharp variation in the structure of the Sun to the frequencies can be estimated by calculating from a variational principle for the modes the effect of a localized feature. In the work by MCDT the feature was the base Figure 1 . Plot of the adiabatic exponent Γ 1 for several solar models. As a reference we have calculated a model (Z 0 ) where the second ionization of helium has been suppressed. The other two models are calculated using different equations of state (see Table 1 for further details on the models).
The second ionization of helium takes place around an acoustic depth of 600 s, corresponding to the depression on the value of Γ 1 .
of the convection zone and the sharp transition was represented by discontinuities in the derivatives of the sound speed. Because of the size of the ionization region when compared with the local wavelength of the modes, that representation is not adequate to reproduce the effect on the frequencies for the ionization region.
Here we must, instead, consider how the ionization changes the first adiabatic exponent Γ1≡(∂ ln p/∂ ln ρ)s (the derivative at constant specific entropy s) locally, generating what can be described as a 'bump' over a region of acoustic thickness of about 300 s (see Fig. 1 ). This allows us to estimate how the frequencies of oscillation are 'changed' due to the presence of this feature in the structure of the Sun. The effect will be mainly taken into account through the changes induced in the adiabatic gradient Γ1 by the ionization. Other thermodynamic quantities are also affected, but the changes on the local sound speed is mainly determined by changes in Γ1. Therefore, we will calculate the dominant contribution to the changes in the frequencies by establishing what is the effect on the modes due to changes of the adiabatic exponent. Däppen & Gough (1986) and Däppen, Gough & Thompson (1988) have proposed a method based on the same principle, by using the sensitivity of the sound speed to changes on the adiabatic exponent. Using this sensitivity they calibrate a quantity that is associated with ionization in order to try to measure the helium abundance in the solar envelope from seismic data. But most methods have difficulties in removing the dependence of the calibration on the physics of the reference models, making it difficult to obtain a value for the abundance. This is the problem we try to address in this contribution by developing a method able to measure in the frequencies the effect of the ionization and its dependence on the abundance, isolated as much as possible from the other uncertainties.
A variational principle for the effect on the frequencies
A variational principle for nonradial adiabatic oscillations, assuming zero pressure at the surface located at radius R as a boundary condition, can be formulated. It is possible to further consider only higher-order acoustic modes, for which we may neglect the (a) Plot of the differences (δΓ 1 /Γ 1 ) between two models -one with and the other without the second ionization of helium, versus acoustic depth τ . These correspond to models Z 0 and Z 1 discussed in the text and described in Table 1 . The dotted line represents our assumed smooth reference structure. (b) The change of Γ 1 , relative to the smooth reference structure, is shown. The parameters represented schematically, to be determined from the characteristics of the signal in the frequencies, are: δ d -the amplitude of the differences at τ d , and β -the half width of δΓ 1 /Γ 1 (values taken from Table 3, below). Also indicated is the value ofτ d as found from the frequencies. perturbation in the gravitational potential. The outcome of such a variational principle is an estimate of how the frequencies change due to changes in (Γ1p) and ρ. This is described and discussed in Appendix A.
In order to model the signature of the ionization zone we represent the effect of the second ionization in terms of the changes it induces in the adiabatic exponent Γ1. Such a change (see Fig 2) is approximately represented by a 'bump' of half width β in acoustic depth, and relative height
being located at a radial position corresponding to an acoustic depth τ d . Here, and in the following, acoustic depth τ at a radius r is defined as,
where R is the photospheric radius of the Sun.
Relatively to the frequencies of a reference model, assumed to be 'smooth' and corresponding approximately to a model with no HeII ionization region, we find that the bump changes the frequencies in such a way that there is a periodic component of the form (see Appendix A),
where the amplitude, as a function of mode frequency ω and mode degree l, is given by
and the argument is
Here the factor in ∆ represents the geometry of the ray-path accounting for deviation from the vertical when the mode degree is non-zero. It is associated with the Lamb frequency, as given below (Eqs 8, 9). In fact, because the ionization zone is close to the surface and provided we are not using very high-degree data, we can neglect △ in the expression for the argument Λ d ; we can similarly neglect the effect of the mode degree on the surface phase function φ. Consequently, for the ionization zone the expression of the argument becames
In the asymptotic expression used for the eigenfunction (see Eq. A4), the phase φ depends on the mode frequency and degree (see MCDT for details). Here we have expanded the phase to first order in frequency, by writing that φ(ω)≃φ0+a φ ω. From this it follows thatτ d ≡τ d +a φ , while the frequency independent term of the phase is now φ0. The amplitude of the signal, through a0, corresponds to
where τt≡τ (0) is the total acoustic size of the Sun. The small factor △, present in the amplitude, is given by
where the value of △ d is given by,
andl andω are two reference values. These values are chosen taking into account the expected behaviour of the signal and the set of modes used, as discussed below. In order to compare the amplitude it is convenient to define a reference value A d , as given by
The parameters of the signal relevant to characterize the local properties of the ionization zone, as given in Eq. (3), areτ d , β, a0 and △ d .
The values ofτ d and △ d can be used to measure mainly the location of the ionization zone. They both vary strongly with distance to the surface. But the acoustic depth is a cumulative function of the sound speed behaviour over all layers from the surface to a particular position, whereas △ d is a local quantity, not being affected by the behaviour of the sound speed in the layers above the ionzation zone.
The values of β and a0 (or δ d ) are expected to be directly related to the local helium abundance, since the size of the bump will be determined by the amount of helium available to be ionized. These parameters are also expected to be strongly affected by the equation of state, and to a lesser extent by the other physics that affect the location of the ionization zone (τ d ). But we may hope to be able to use the other parameters to remove this dependence, while retaining the strong relation between the bump and the helium abundance (Y ).
Measuring the signal in the frequencies
Our first goal is to find the five parameters describing the signal from the frequencies of oscillation. In order to do that we must isolate a signature of about 1 µHz in amplitude, overimposed in actual frequencies. We do so by isolating in the frequencies the periodic signal described by Eq. (3) using a non-linear least-squares iterative fit to find the best set of parameters. The method used is an adaptation of the one proposed by MCDT; for the present problem we must redefine the characteristic wavelength of the signal to be isolated (quantity λ0 in MCDT) as it is significantly larger than for the signal from the base of the convective envelope. The parameters describing the signal (Eq. 3), and found by our fitting procedure, are the following;
We choose a set of modes which cross the ionization zone, but which do not cross the base of the convection zone. By removing modes that penetrate deep in the Sun (low degree modes), we avoid the contamination coming from the signal generated at the base of the convection zone (see MCDT). But when selecting only modes of higher degree (between 45 and 100), it becomes necessary to include the contribution from the mode degree to the amplitude of the signal. This is the reason why it is necessary to include in the fitting the parameter △ d . This parameter is not necessary when studying other stars (Monteiro & Thompson 1998; Basu et al. 2004; Piau et al. 2005) , resulting in a simplified description of the expected observed behaviour. In the case of the Sun there is a great advantage in using all available high-degree modes that cross the ionization zone.
The modes considered correspond to the ones available in solar data, having degrees and frequencies such that the lower turning point is between 0.75R and 0.95R of the solar radius. The latter ensures the modes cross the ionization zone while the former avoids contamination from the signal originating at the base of the convective envelope (e.g. CDMT, and references therein). These conditions define typically a set of about 450 modes having frequency ω/2π in the range [1500, 3700] µHz, and with mode degree of 45 l 100.
As we are only using modes of high degree in this work, the reference values preferred in the fitting of the signal are; l = 100 andω 2π = 2000 µHz .
The first value is an upper limit for modes that cross beyond the ionization zone, while the value ofω corresponds to the region in frequency where the signal is better defined. These values are only relevant to normalize the parameters fitted for different models. For solar observations only frequencies with a quoted observational error below 0.5 µHz are included. We ensure consistency of the data sets by restricting the selection of mode frequencies from the models to the modes present in the solar data after applying the above selection rules.
We stress that the method adopted for removing the smooth component of the frequencies is a key assumption in the process of fitting the signal. Here we use a polynomial fit with a smoothing parameter on the third derivative (see CDMT). In any case, as long as the analyses for different models and for the solar data are consistent, the comparison of the parameters will be independent of the choice on how to describe the smooth component. Such consistency is ensured by using exactly the same set of frequencies and the same numerical parameters for the fitting.
The signal in the solar data
To illustrate the signal extraction, the method proposed here was applied to the analysis of solar seismic data from MDI on the SOHO spacecraft (Scherrer et al. 1995) . The signal was isolated as described above for the models. The fitted signal of the Sun is shown in Fig. 3a , together with the error bars. In order to illustrate how well the expression for the signal (Eq. 3) fits the data points we also show in Fig. 3b the signal in the frequencies normalized by the amplitude as given in Eq. (4). The quality of the fit done with Eq. (3), confirms the adequacy of the first order analysis developed in Appendix A leading to the expression given by Eq. (4). The values of the parameters found for the data are given in Table 1 . From Monte Carlo simulations we have estimated the uncertainty in the determination of the parameters due to observational uncertainties as indicated by the quoted observational errors. Note that A d is not a fitting parameter, as it is given from the other parameters using Eq. (10). The standard deviations σ are estimated from 200 simulations of the effect of the observational uncertainties on the determination of the parameters. The values found, at the 3σ level, are also listed in Table 1 . It is clear that due to the large amplitude of this signature (above 1 µHz at ω/2π=2000 µHz) the precision with which the parameters are determined is very high. As long as the method to isolate this characteristic signature is able to remove the "smooth" component, the results can be used with great advantage for testing the zone of the second ionization of helium in the Sun.
SOLAR MODELS WITH DIFFERENT PHYSICS
In order to establish how sensitive the different characteristics of the signal are to the properties of the ionization zone, and therefore to the aspects of the Sun which affect the ionization zone, we consider different static models of the Sun calculated with the same mass, photospheric radius and luminosity. The profile of the helium abundance in the models is obtained by calibrating with a constant factor a prescribed abundance profile from an evolution model with the age of the Sun (without settling). We note that imposing the same radius and luminosity for all models is the key difference between the analysis presented here and the work by Basu et al. (2004) . If the models are not required to have the same luminosity and radius as the Sun, the properties of the ionization zone are not affected in the same way. Consequently the behaviour of the amplitude of the signal in this case is different from what we find when both these conditions are imposed on the models.
The aspects of the physics being tested here are the equation of state (EoS), the theory of convection and the opacity. All these aspects affect the ionization zone by changing its location, size and thermodynamic properties.
All models were calculated as in Monteiro (1996; see also Monteiro et al. 1996) . These are not intended to represent accurately the Sun, but simply to illustrate the usefulness of the method we propose to study a particular region of the solar envelope.
As the simplest possible EoS we have used a Saha equation of state with full ionization at high pressure -this corresponds to SEoS in Table 2 . As a more complete EoS we have used the CEFF equation of state as described in . For the opacities we have considered a simple power law fit (SOp), or the Rosseland mean opacity tables at low temperatures from Kurucz (1991) . To include convection we have taken the standard mixing length theory (Böhm-Vitense 1958, parametrized as in Monteiro et al. 1996) or the more recent CGM model (Canuto et al. 1996) .
As our reference model, in order to illustrate the changes due to the ionization of helium, we have calculated a very simple solar model (Z0) with suppressed HeII ionization, by setting the ioniza- Kurucz (1991) ; and the formulation for modelling convection: MLT -standard mixing length theory (Böhm-Vitense 1958; parametrized as in Monteiro et al. 1996) , and CGM - Canuto et al. (1996) . See the text for a description of the parameter fǫ used in the calculation of the emissivity. Figure 4 . Plot of the differences for Γ 1 between all models considered and the one without the second ionization of helium. See Table 2 for the details of each model. Only the region around the second ionization of helium is shown corresponding to the negative bump around an acoustic depth of 650s.
Model
tion potential to zero. The helium abundance found for each model corresponds to the value that fits the boundary conditions (by scaling a prescribed dependence of the chemical profile, as taken from an evolved solar model). The behaviour of the adiabatic exponent for some of the models (see Table 2 ), relative to our reference model (Z0), is illustrated in Fig. 4 . There is a clear difference on the location of the ionization zone (τ d ) when a different EoS is used. The effects of changes in the formulation of convection or in the opacities are much smaller.
In order to have models with the same envelope physics, but different helium abundances, we have calculated solar models with the energy generation rate changed by a prescribed factor fǫ in the Table 2 ). The hydrogen and both helium ionization regions are shown. (b) Plot of the differences for Γ 1 between models Z 5,5h,5v and model Z 5l . See Table 2 for the details of each model. Only the region around the second ionization of helium (indicated by the arrow) is shown.
emissivity. These are models Z 3l,3h and Z 5l,5h,5v which are similar to Z3 and Z5, respectively, except for the value of fǫ which is now different from unity. These correspond to models with a different structure of the core but with envelopes with exactly the same set of physics. All differences between these models in the envelope are due to differences in the chemical composition. To illustrate the differences we plot in Fig. 5 the differences in Γ1 between models with the same physics but increasing values for the envelope abundance of helium. As the helium abundance increases, there is a corresponding decrease in hydrogen, which results on a slight separation in temperature of the three major ionization regions. Consequently both ionization regions for the helium expand towards higher temperatures. As the bump becomes slightly wider and moves to a higher temperature, the effect on the frequencies is expected to become smaller.
For all models we have calculated the frequencies of linear adiabatic oscillations. The set of frequencies for each model, as used to fit the signature of the ionization zone, is described above. The parameters obtained in fitting Eq. (3) to the frequencies of the models listed in Table 2 (excluding Z0) are given in Table 3 . 
THE EFFECT OF THE PHYSICS ON THE CHARACTERISTICS OF THE SIGNAL
The set of solar models considered here, and listed in Table 2 , cover three major aspects of the physics which determine the surface structure of the models: the equation of state, the low temperature opacities and the formulation for convection (defining the superadiabatic layer). In order to use the diagnostic potential of this characteristic signature in the frequencies we need to understand how each parameter describing the signal is affected by a specific aspect of the physics defining the structure of the envelope. One would expect that the shape of the bump is strongly determined by the EoS. But any change in the structure that affects the location of the ionization zone will necessarily introduce an effect on the characteristics of the Γ1 profile. Consequently we need first to identify the parameters that depend more strongly on the location. These are most likelyτ d and △ d .
The changes on the upper structure of the envelope are expected to have a direct effect on the turning point of the modes. Consequently we need to look at the parameters that may be affected by the upper reflecting boundary. This is mainly expected to be φ0.
Finally the area of the bump in Γ1 in the ionization zone should reflect the local abundance of helium, if the location is well defined. Therefore we will look at a0 and β in order to identify how the helium abundance Y defines the characteristics of the signal in the frequencies.
The location of the ionization zone
The most easily identifiable characteristic of the signal is its period. This quantity depends strongly on τ d , but as discussed when writing Eq. (6) the period also contains a contribution from the upper turning point of the modes (where there is a phase shift of the eigenfunction). This means that the period, or preciselyτ d , that we measure is not necessarily a good estimate of location τ d of the ionization zone. Figure 6a shows the value ofτ d , as found from fitting the signal in the frequencies, versus the value of τ d , as determined from the location of the local minimum of Γ1 in the model. There is Fig. 1 ). Filled symbols are for models using the CEFF equation of state, while crosses are for models calculated using a simple Saha equation of state. The filled circles are for models having the same simple opacity (power law) but different theories of convection, while the filled diamonds are models with the opacity at low temperatures from Kurucz. The values found for the solar data are also shown in both panels with 3σ error bars (dashed horizontal lines) due to the observational uncertainties. a difference of up to about 140 s betweenτ d and τ d , and one is not simply a function of the other. The difference between the two comes from a φ , which measures the leading-order frequency dependence of the phase transition which the eigenfunctions undergo at the upper turning point. This will be strongly affected by the physics that change the structure of the surface, namely convection, EoS, the low temperature opacities, and the structure of the atmosphere. Consequently, we have to use some caution when taking the parameterτ d from the fit to estimate the location of the ionization region.
As an alternative we can consider one of the other parameters which also depends on the position of the ionization zone. This is △ d , given in Table 3 for all models and shown in Fig. 6b as a function of the actual acoustic location of the ionization region. The value of △ d , defined in Eq. (9), is not sensitive to the layers near the photosphere, as its value is determined exclusively by the sound speed at the ionization zone. However, the determination of this term is associated with a small correction in the amplitude, which makes it more sensitive to the observational errors when fitting the frequencies.
Both panels in Fig. 6 show the solar values ofτ d and △ d with Finally, the structure at the top of the envelope is also expected to be reflected in the value of φ0. The value of this parameter for all models is represented in Fig. 7 as a function of the envelope helium abundance. The larger difference is found when changing the EoS (about 0.06). But changes in the opacities also change φ0 by as much as 0.01, while the theory of convection changes this by about 0.01. It is interesting to confirm that the fitted value of φ0 is independent of the helium abundance, as one would expect from the analysis leading to the expression of the signal. Consequently φ0 may allow the separation between the helium abundance and the physics relevant to the outer layers of the Sun because it is insensitive to Y whilst being indicative of some near-surface change that may be required in the physics.
The solar value for φ0 is also shown in Fig. 7 . Adjustments in the near surface layers seem to be necessary in order to produce models that have a value of φ0 consistent with the Sun. Changes in the superadiabatic layer or in the surface opacities may be some of the options for reconciling the models with the solar data.
The equation of state
From the analysis of the results listed in Table 3 , and as discussed in the previous section, the EoS is the most important factor in defining the characteristics of the signal. In Fig. 8 we show the width parameter β as a function of △ d (a proxy for the location). Models that have the same EoS (CEFF) lie on a common locus in this diagram, as indicated by the dotted line. The position along this line of models all built with the CEFF varies according to changes in the convection or the surface opacities. Models Z1 and Z2, built with a different EoS, lie in a different region of the diagram. Thus we claim that, with the location of the ionization zone fixed, the width of the bump in Γ1 is mainly a function of the EoS, as expected.
Consequently, after using φ0 to test the surface physics, it is possible to combine the constraints provided by △ d and β to obtain a direct test on the EoS and the location of the ionization zone. Figure 8 also includes the parameters found for the solar data. These are marginally consistent with the expected behaviour found using models calculated with the CEFF equation of state. Other options for the EoS must be considered in an attempt to bring the models closer to the Sun.
The helium abundance in the envelope
From the discussion in the previous sections it follows that any determination of the helium abundance requires a careful tuning of the models to the correct structure of the envelope. Such a fine tuning can be performed based on the sensitivity of the eigenfrequencies to the behaviour of the adiabatic exponent in the region where helium undergoes its second ionization. We have found, as discussed above, that:
• △ d provides a process to place the ionization zone in the model at the same acoustic depth as for the Sun -this corresponds to adapting mainly the surface layers of the model (atmosphere and/or convection) in order to place the ionization zones at the same acoustic location as measured in the Sun by the solar value of △ d ;
• β can then be used to adjust the EoS (or more likely to select it from a few candidates) to match the observed behaviour -this corresponds to verifying that the behaviour of β as a function of the location (△ d ) in the models includes the observed solar values for these two parameters;
• and finally, the parametersτ d and φ0 can be combined to adjust the surface physics in the model, in order to recover the observed solar values -this corresponds to adjusting convection (superadiabatic region, mainly), opacities (low temperature range), photosphere, etc, in a complementary way to the first point, until the solar values can be recovered with the models as both parameters are strongly dependent on these aspects of the physics, but quite insensitive to the actual helium abundance.
Consequently, we are left with one last parameter, connected with the shape of the bump through δ d , which is the amplitude of the signal a0, or A d . If the model has been adjusted to the observed data using the remaining parameters, then the amplitude will depend mainly on the helium abundance in the model, which can now be compared with the solar abundance. Such a relation provides a measurement of the helium abundance, which complements the boundary condition used in the evolution to fit the model to the present day Sun. Figure 9 illustrates how such a dependence of A d , as defined in Eq. (10), could be constructed after the other aspects of the physics are adjusted. It is worth noting that, as expected from Fig. 5 , the amplitude decreases with increasing Y , since the changes in Γ1 due to changes on the hydrogen abundance dominate the variations of the bump. This regime for the inverse dependence of the amplitude of the signal on the abundance of helium is relevant for stars of low effective temperature. That follows from the overlapping of the three ionization zones (HI, HeI, HeII ) . For stars where these are fully separated in temperature it is expected that the amplitude will increase with the abundance of helium.
As shown above (see Figs 7 and 8) the models used here are not fully consistent with the physics of the Sun and seem to be only marginally consistent regarding the equation of state that has been used. Consequently the amplitude A d , as found for the solar data, cannot yet be used as an indicator of the helium abundance in the solar envelope. A more adequate calibration of the surface layers in the models must be developed before an estimation for Y is inferred from this parameter.
The simplified models we are using here to illustrate the applicability of the method have been calculated with scaling a chemical profile determined without including diffusion and settling of helium. This is one of the aspects that needs to be considered in the models in order to move the parameters found for these closer to the solar values. With such a tuning, based on other seismic constraints and on the parameters of the signal discussed here, we have an independent procedure to adjust our models to the Sun in this region near the surface, where the uncertainties in the physics dominate the structure of the models.
CONCLUSION
In this work we have developed a complementary method to constrain the properties of the helium second ionization region near the surface of the Sun using high degree mode frequencies. The method proposed here can independently test properties of this region, and provides a possible direct measurement of the helium abundance in the envelope.
We have shown that some of the parameters characterizing the signature in the frequencies due to this region in the Sun are very sensitive to the EoS used in the calculation of the models, and so can be used to test and constrain the equation of state. Others of the parameters can also provide an important test on the physics affecting the surface regions of the models, namely convection and the low temperature opacities. By combining the diagnostic potential of the five parameters determined from the data with very high precision the helium abundance can be effectively constrained.
Here we were mainly concerned to establish the method and demonstrate how it can be used to study the HeII ionization zone in the Sun, and the physics that affect the structure of the Sun in that region. In spite of having used simplified models to represent the Sun we have illustrate the sensitivity of each parameter to the physics, establishing the approach that can be followed when adequate up-to-date evolved solar models are used. Besides the physical ingredients addressed here, aspects like diffusion and settling and improved opacities have to be implemented in order to provide a physically consistent value of the helium abundance. A calibration of the actual solar helium abundance using models with the best up-to-date physics will be the subject of the second paper in this series. 
where r, ρ, c and g are distance from the centre, density, adiabatic sound speed and gravitational acceleration, respectively. We have also introduced the following quantities
where l is the mode degree, and
These are all first order quantities, compared to unity, because well inside the resonance cavity of the modes the local wavelength is significantly smaller than the scale of variations of the equilibrium quantities. In order to use the expression for δI from Eq. A2, it is necessary to replace the term in (dδB0/dτ ) by integrating by parts to obtain for δI; δI = 
This expression gives the variational principle for perturbations in the frequencies due to small changes in the structure, as described by δBi. The next step is to establish what is the effect on the structure of the ionization zone for helium, relative to a model where such a localized effect is not present. In particular, we need to estimate how Γ1, P and ρ are changed from being slowly varying functions of depth to the actual values they have when the second ionization of helium occurs. The difference will produce the δ(Γ1P ) and δρ responsible for changing the frequencies, as given in Eqs (A5-A8). That will allow us to calculate an expression for the characteristic signal we want to isolate in the frequencies.
In order to find an expression for the signal we shall first consider that the changes are dominated by Γ1. In doing so, we adopt here a different approach from Monteiro (1996) , who consider that the dominant contribution could be isolated in the derivative of the sound speed. We do so because the effect of the ionization is better represented as a 'bump' in Γ1 (see Figs 1 and 2 ), extending over a localized region of the Sun. Therefore we retain the terms for δΓ1, and neglect, as a first approximation, the contributions from δρ and δP . In doing so we assume that the changes in the sound speed are mainly due to the changes in the adiabatic exponent. Now, relating δI to the change in the eigenvalue δω (and using Eq. A1) it follows that
where fs and fc are functions obtained from adding the coefficients of δΓ1 in the expressions of δB0, δB1, δB2 and δB3 (see Eq. A16 and Eqs A5-A8). At this point we introduce an approximate description of the effect of the second ionization of helium on the adiabatic exponent. As represented in Fig. 2b , we adopt a prescription where the 'bump' is approximately described by its half width β and height δ d ≡(δΓ1/Γ1)τ d , with the maximum located at τ d . This corresponds to considering the following approximating simple expression for δΓ1:
The region of the ionization zone starts at τa=τ d −(1−α)β and finishes for τ b =τ d +(1+α)β, giving that τ b −τa=2β is the width.
